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Dynamical Systems Analysis of K-essence Model
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In the present work we investigate the stability of the k-essence models allowing upto quadratic
terms of the kinetic energy. The system of field equations is written as an autonomous system
in terms of dimensionless variables and the stability criteria of the equilibria have been extensively
investigated. The results strongly indicate that cosmologically consistent models dynamically evolve
towards the quintessence model, a stable solution with a canonical form of the dark energy.
PACS numbers: 98.80.-k; 95.36.+x
I. INTRODUCTION
A wide variety of exotic matter, called the dark en-
ergy, have been suggested over the last twenty years in
order to account for the present accelerated expansion
of the universe[1–4]. Introduction of a cosmological con-
stant Λ, in spite of its simplicity, can indeed successfully
take care of the role of the dark energy[5]. However, the
estimated value of Λ is extremely small compared to the
theoretically predicted value and new models continue to
be proposed. Various scalar field models [6–8] are defi-
nitely the most popular and effective models. In these
models a field called quintessence is incorporated such
that a positive potential, which dominates over the ki-
netic part, can give rise to an effective negative pressure
and drive the acceleration.
An exotic form of a scalar field with a non-canonical
kinetic sector, had been used to drive the early
inflation[9, 10]. The kinetic sector is taken as a function
f = f(φ,X) where φ is the field and X = 12φ
,µφ,µ is the
standard canonical kinetic energy. This kinetic sector
can have a negative coefficient and play a key role in the
violation of the energy condition. Raychaudhuri equa-
tion tells us that the energy condition, ρ+3p ≥ 0, where
ρ and p are the total energy density and total effective
pressure, has to be violated for an accelerated expansion
of an isotropic distribution. In a quintessence field, the
violation of energy density is engineered by a negative
pressure. This kind of an exotic matter where the
kinetic sector is given as f(X,φ), now called a k-essence,
was employed to drive the late time acceleration as
well[11, 12]. For a brief but comprehensive overview of
the k-essence, we refer to the work of Armendariz-Picon,
Mukhanov and Steinhardt[13]. Scherrer showed the
relevance of a purely kinetic k-essence in the unified dark
sector[14]. Malquarti et al showed that a k-essence can
hardly be distinguished observationally from a standard
quintessence[15] but it might have some imprints on
the perturbation spectrum. A reconstruction of a
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k-essence model had been attempted by Sen[16] and by
Matsumoto and Nojiri[17].
The motivation of the present work is to look at the
conditions for stability of a class of k-essence models.
Although there is a lot of work on the stability of
various scalar field models like quintessence[18–21] and
its classes like tracker or freezing[22, 23], chameleon
fields[24, 25] etc., not much of work on the stability of
k-essence models are found in the literature. Abramo
and Pinto-Neto[26] discussed the conditions for stability
of those k-essence models which can cross the phantom
divide (the equation of state parameter attains a value
less that -1). They showed that the phantom nature is
not in fact supported by k-essence. Yang and Xiang-Ting
reported that the stability of k-essence depends crucially
on the potential[27]. The latter work is for a class of
k-essence models where the potential is coupled with
the kinetic part in the form V (φ)F (X) where F (X) is a
function of the kinetic energy.
The present work is an exhaustive study of the
stability of the k-essence models where f(X,φ) contains
upto quadratic orders of X . The method of dynamical
systems analysis is used for this purpose. An excellent
review of the dynamical systems as applied to cosmology
can be found in the recent work by Bahamonde et al[28].
The present analysis very clearly indicates that those
k-essence models are favored which eventually evolves
into the canonical quintessence models.
The paper is organized as follows. Section II contains
a description of the model and sets up the autonomous
system. Section III and IV deal with the actual analysis
of the dynamical systems, with two categorization of the
coupling parameters of the theory. Section V contains
the concluding remarks.
II. THE MODEL
In quintessence, the late-time acceleration is driven by
the potential energy of the scalar field. If the potential
energy dominates over the kinetic energy so that the ef-
2fective pressure is sufficiently negative, the deceleration
parameter q = −aa¨
a˙2
can have a negative value. How-
ever, it is possible to have accelerated expansion by in-
troducing non-canonical kinetic energy terms in the La-
grangian. Such models are known as k-essence. In this
work, we consider a Lagrangian (1) which is a polynomial
of degree 2 in the kinetic energy X = 12∂µφ∂
µφ with the
coefficients as functions of the scalar field φ,
L = α(φ)X + β(φ)X2 − V (φ) (1)
where V (φ) is the potential. The coefficients α and β
are taken as functions of the scalar field in order to make
them dynamic. The use of a polynomial of degree 2 in
kinetic energy inducing accelerated expansion is common
in existing literature [32, 33]. The motivation of this
work is to determine if there is any constraint that can
be imposed on these coefficients via the stability analysis.
We consider a spatially flat FRW metric to describe
the universe. As the spacetime is spatially homogeneous
and isotropic, the scalar field is a function of the cos-
mic time alone. Then the kinetic energy X becomes
X = 12 φ˙
2. The Friedmann equations for this universe
containing both scalar field and a perfect fluid are
H2 =
1
3
(ρm + ρφ), (2a)
H˙ = −
1
2
(ρm + ρφ + pm + pφ), (2b)
where H is the Hubble parameter. ρm and pm are the
energy density and pressure of the dark matter distribu-
tions respectively. ρφ and pφ are the contributions from
the scalar field to the energy density and the pressure
sectors, respectively and are given by
ρφ = α(φ)X + 3β(φ)X
2 + V (φ), (3a)
pφ = α(φ)X + β(φ)X
2 − V (φ). (3b)
Here we have used the units with 8piG = 1. The baryonic
matter that fills the universe is considered to be dust with
pm = 0. Taking variation of the action w.r.t. the scalar
field φ we arrive at the Klein-Gordon equation assuming
the form
φ¨
[
α(φ) + 3β(φ)φ˙2
]
+ α′(φ)
φ˙2
2
+ 3β′(φ)
φ˙4
4
+ 3Hφ˙
[
α(φ) + β(φ)φ˙2
]
+ V ′(φ) = 0. (4)
If the fluid sector and the scalar field do not interact
and conserve separately, the previous equation is not an
independent equation and can be derived using the Fried-
mann equations. This system has five unknowns viz. a,
φ, α(φ), β(φ), and V (φ). To write down the set of au-
tonomous system of differential equations we define five
dimensionless variables,
x =
α(φ)φ˙2
6H2
, y =
β(φ)φ˙4
12H2
,
b =
V (φ)
3H2
, λ =
1
α
dα
dφ
φ˙
H
, δ =
1
β
dβ
dφ
φ˙
H
.
The variables can be related to the original system vari-
ables by identifying that x corresponds to the term lin-
ear in kinetic energy while y corresponds to the term
quadratic in kinetic energy. b is related to the potential
energy term in the Lagrangian, λ and δ are measures of
the steepness of the coefficients α(φ) and β(φ) respec-
tively and indicate how they change in time. From the
Friedmann equations (2) and the K-G equation (4) now
written in terms of dimensionless variables we obtain the
following dynamical system
x′ = 3xG + λx− 2xF , (5a)
y′ = 3yG + δy − 4yF , (5b)
b′ = 3bG + σb, (5c)
λ′ =
3
2
λG − λ2(1 − Γ)− λF , (5d)
δ′ =
3
2
δG − δ2(1− τ)− δF , (5e)
with F =
[
3(x+ 2y)
x+ 6y
+
λx+ 3δy + σb
2(x+ 6y)
,
]
and G = (x+ y − b+ 1).
Here Γ =
α( d
2α
dφ2
)
( dα
dφ
)2
, τ =
β( d
2β
dφ2
)
( dβ
dφ
)2
, and σ = d(ln V )
dN
are
parameters. A prime denotes a derivative with respect
to N where N = ln(a/a0), a0 being the current value of
the scale factor. For the dynamical system analysis of the
above system of equations, we will first consider λ and
δ as parameters and in the subsequent section consider
them as dynamical variables.
III. FIXED COUPLING PARAMETERS
The coupling parameters, λ and δ, as defined in the
previous section, are actually the fractional rate of
3growth of the coupling parameters α(φ) and β(φ), scaled
by the Hubble parameter H . If these are treated as
constant parameters, the system (5) effectively reduces
to a 3-dimensional system as the left hand sides of (5d)
and (5e) are identically zero.
If λ and δ are constants, one trivial solution is that
both are zero. We would rather fix them as constants
λ0 and δ0 respectively which takes care of the trivial
solution as a special case. However, for the non-null
solutions, the constant values of λ and δ are connected by
λ0(1− Γ) = δ0(1− τ). (6)
For their constant values, the defining equation for λ
and δ can be easily integrated and one can check that
the constraint (6) is trivially satisfied. Also one can note
that particular values of the parameters will impose con-
straints like λ0 =
3
2
G−F
1−Γ and δ0 =
3
2
G−F
1−τ . But the quan-
tities G,F,Γ, τ remain sufficiently arbitrary as four quan-
tities are connected by two equations.
Pure k-essence: V (φ) = 0
If we consider the case with zero potential energy,
i.e. only the kinetic energy terms contribute to the La-
grangian, equation (5c) is also identically zero with b = 0.
The fixed points and the corresponding eigenvalues of
this 2-dimensional system are shown in Table I.
The system has at least one positive eigenvalue for both
point A and point B leading to the fact that A and B
cannot be stable fixed points. They are either unstable
nodes or saddle points depending on the values of λ and
δ. But the fixed point C can give rise to a stable node if
the following condition is satisfied
2λ > δ − 3. (7)
Given (7) is satisfied, the value of x in case of the
fixed point C becomes negative as (δ − 2λ− 4) becomes
negative. However, y remains positive because (6 − δ +
2λ) > 3. From the definition of x, the only way for it
to be negative is if the coefficient α(φ) is negative. The
direction field of the system suggests that a system that
ends with a negative x and positive y has to start to with
a negative x and positive y (Figure 1). This imposes a
constraint on the nature of the coefficients α(φ) and β(φ)
α(φ) < 0, β(φ) > 0. (8)
With zero potential, the scalar field energy density pa-
rameter (Ωφ) and effective equation of state (EoS) pa-
rameter (γφ) are given by,
Ωφ =
ρφ
3H2
= x+ 3y (9a)
γφ = 1 + wφ = 1 +
pφ
ρφ
=
2x+ 4y
x+ 3y
(9b)
y
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FIG. 1: Direction field plot for the 2D system with fixed
points A,B and C from Table I shown. I denotes the
initial condition obtained from Equation 10. The solid
and dashed black line shows the time evolution of the
trajectory in future and past respectively.
where we have used equation (3b) and (3a) as the expres-
sion for the pressure and energy density with V (φ) = 0.
The values for Ωφ and γφ are taken as,
Ωφ ≈ 0.68, (10a)
γφ ≈ 0.05, (10b)
which are consistent with the current observations [29].
Solving equation (9) with the values in (10a) and (10b)
yields x = −1.309 and y = 0.663. The negative value of
x suggests that the universe, with its current scalar field
energy density and EOS parameter will evolve to point
C eventually and condition (7) is satisfied to culminate
in a non-diverging fate of the universe.
For (γφ < 0), we have the equation of state wφ < −1
giving rise to a universe expanding faster than exponen-
tial, eventually leading up to the ‘The Big Rip’ [30].
This model of dark energy is known as the phantom
field. However, if one wants to avoid ‘the big rip’ and
restrict our system with the condition γφ ≥ 0, we en-
counter another condition on the parameters, δ ≥ 2λ. In
conjunction with the condition in Eq.(7) this imposes a
constraint on the coefficients α(φ) and β(φ) such that
2λ ≤ δ < 2λ+ 3. (11)
So far the stability analysis has succeeded to provide
a condition for the coefficients. We further need to in-
vestigate the evolution of the deceleration parameter q
with time for the system obeying Eq.(7) to check if the
redshift value at the time of the universe switching from
a deceleration phase to an acceleration phase agrees with
observations. The redshift z is defined by z = a0
a(t) − 1
with a0 being the current value of the scale factor. Since
we have defined N = ln(a/a0), we can write the redshift
in terms of the variable N as
z = e−N − 1. (12)
4TABLE I: Fixed points for the 2-dimensional system with zero potential
Point x y Eigenvalues Ωφ γφ Stability Condition
A. 0 1
3
{ 1
2
(4− δ + 2λ), 1} 1 4
3
unstable.
B. 1 0 {3, (−6 + δ − 2λ)} 1 1 unstable.
C. δ−2λ−4
2
6−δ+2λ
6
{ (2λ−δ+6)(2λ−δ+4)
−2λ+δ−8
,
(δ − 2λ− 3)}
1 δ−2λ
3
δ < 2λ + 3.
From the plot of q vs. N we can find out the value of
N for which the deceleration parameter q is zero and use
that value of N in (12) to obtain the corresponding red-
shift value. The deceleration parameter can be written
in terms of variables x and y as in (13).
q = −
H˙ +H2
H2
=
3
2
(x + y) +
1
2
. (13)
Figure 2(a) indicates that indeed the universe has
changed from a decelerated phase to an accelerated phase
of expansion at z ≈ 0.6, close to the observationally esti-
mated value of zobs ≈ 0.5 [31]. The figure also shows that
with only the kinetic energy terms in the Lagrangian, the
universe will continue its accelerated expansion phase in
the future. Figure 2(b) shows the plot of γφ vs Ωφ for
δ = 2λ = 4. The point I denotes the initial condition
given by the current observational values. From the fig-
ure, the system evolves to the stable fixed point C with
γφ = 0 and Ωφ = 1, implying that the universe will be
completely scalar field dominated.
Nonzero potential (V (φ) 6= 0)
Now we focus our attention to the case where the po-
tential is nonzero. This is a 3-dimensional problem since
b 6= 0. The fixed points of this 3D system and the cor-
responding eigenvalues are given in Table II. Out of the
five fixed points, points C, D and E are the fixed points
of the 2D system as well. D and E are unstable as be-
fore. The eigenvalues in Table II show that for a stable
fixed point to exist at all, the parameter σ = d(lnV )
dN
has
to be greater than −3. Otherwise one of the eigenval-
ues (3 + σ) becomes positive and hence the fixed point
becomes unstable. So stability condition yields
σ > −3. (14)
With the condition (14) both points C and B are stable
for 2λ > δ+σ and depending upon the initial conditions,
the trajectories will evolve to either point B or C. Point
B is a stable fixed point for 2λ < δ + σ.
To determine the initial conditions for the dynamical
systems variables x, y, and b, we consider the observables
Ωφ and γφ which in this case become,
Ωφ = x+ 3y + b, (15a)
γφ =
2x+ 4y
x+ 3y + b
. (15b)
Using (15) we can find the fixed point values of the
observables as well. As can be seen from Table II, γφ
= −σ3 for both the fixed points. To avoid the phantom
field models, we must have σ ≤ 0, restricting the value
of σ,
− 3 < σ ≤ 0. (16)
For this condition, y in point A and x in point B is posi-
tive. For point C, x is negative and y is positive as before.
For the system to behave analytically in the future, y has
to be positive. Otherwise the effective kinetic energy in
the Lagrangian (1) becomes negative, giving rise to a
diverging universe (the big rip). So, along with initial
conditions (10) we have y ≥ 0. But the system is not
solvable for x, y and b because we have two equations
with three unknowns. So instead of having a particu-
lar initial condition, we have a set of initial conditions
(Figure 3).
Initial conditions with positive x will evolve to point
B and initial conditions with negative x will advance to
point C given that the stability condition 2λ > δ + σ
is satisfied. Hence the set of initial conditions can be
divided into two subsets x > 0 and x < 0 each evolving
to separate fixed points. It is evident from (1) and the
definition of the variables, that for y = 0, the Lagrangian
(1) represents quintessence. Initial conditions with x > 0
ends with quintessence as the ultimate fate.
Figure 4(a) shows the plot of γφ vs Ωφ for a limiting
value of σ = 0 and 2λ < δ. It looks qualitatively similar
to Figure 2(b). Both of them start from an unstable fixed
point (1, 43 ) and evolves to a stable point (1, 0). Still they
are fundamentally different. In the first case, the accel-
eration was driven by the non-canonical kinetic energy
term in contrast to the potential driving the accelera-
tion in the second case. This is shown explicitly in the
time series plot Figure 4(b). The linear and quadratic
kinetic energy terms (x and y respectively) falls off to
zero as time increases whereas the potential energy term
approaches the maximum value b = 1, indicating the ac-
celeration of the universe is driven by the potential as in
quintessence.
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FIG. 2: (a) Evolution of the deceleration parameter q with time for λ = 2, δ = 4. (b) Corresponding γφ vs Ωφ plot.
The dashed line shows the backward trajectory and the forward trajectory is shown by the solid line which leads to
a scalar field dominated universe.
TABLE II: Fixed points for the 3-dimensional system with non-zero potential
Point x y b Ωφ γφ Eigenvalues Stability Condition
A. 0 − σ12
4+σ
4
1 −σ
3
{ 1
2
(−δ + 2λ− σ), −(3 + σ), −(4 + σ)} 2λ < δ + σ
B. −σ6 0
6+σ
6
1 -σ
3
{(δ − 2λ+ σ), −(3 + σ), −(6 + σ)} 2λ > δ + σ
C. δ−2λ−42
6−δ+2λ
6 0 1
δ−2λ
3
{ (2λ−δ+6)(2λ−δ+4)
−2λ+δ−8
, (δ − 2λ− 3), (δ − 2λ+ σ)} 2λ > δ + σ
D. 0 13 0 1
4
3
{ 1
2
(4− δ + 2λ), 1, (4 + σ)} unstable.
E. 1 0 0 1 1 {3, (−6 + δ − 2λ), (6 + σ)} unstable.
For 2λ > δ + σ, the universe will either end up with
a quintessence scenario or with a pure k-essence case de-
pending upon the choice of initial conditions. Figure 5
(a) shows the timeseries evolution of the variables x, y
and b for an initial condition with x < 0 and we see the
potential gradually becomes zero giving rise to a purely
kinetic energy dominated universe. Figure 5 (b) on the
other hand shows the kinetic energy terms going to zero
and the universe ends up with a quintessence like case
while starting with x > 0.
To determine whether the fate of the universe is accel-
erating or decelerating in this 3-dimensional model, the
time evolution of the deceleration parameter q needs to
be investigated. Figure 5(c) shows the q vs N plots for
two distinct cases (case 1 evolving to point B and case
2 evolving to point C). In both cases the accelerated ex-
pansion phase continues indefinitely in the future. But
quintessence does not yield accurate value for the redshift
parameter z when the current phase of acceleration be-
gan in the past. The quintessence fate predicts an early
redshift value of z ≈ 0.2 while the pure K-essence fate
predicts z ≈ 0.4, the latter definitely being closer to the
observationally estimated value.
The time evolution of q changes significantly if we
change the parameter σ. For σ 6= 0, evolving the tra-
jectories backward for x < 0 (point C) and b > 0, the
system hits a singularity. In other words, evolving the
pure k-essence like trajectories backward is not possi-
ble with a positive potential. With b0 < 0, however
it is possible to get smooth trajectories. On the other
hand, the quintessence case is analytic for all σ and gives
a better prediction of the cosmological redshift values
(Figure 6) than the k-essence case for σ 6= 0 (z ≈ 0.5
for quintessence like fate, z ≈ 0.4 for pure k-essence like
fate).
IV. λ AND δ AS VARIABLES
In the previous section, λ and δ were treated as two
constant parameters of the system. In this section they
will be considered as variables.
6y
z
x
FIG. 3: The blue and yellow planes show the two
surfaces x+ 3y + b = 0.68 and 2x+ 4y = 0.034. The red
line shows the initial condition space with the extra
condition y ≥ 0.
A. Pure k-essence
First we consider the pure k-essence, i.e. b = 0 in
(5). The system reduces to a 4-dimensional system in
this case. The fixed points of the system and the corre-
sponding eigenvalues are given in Table III. All the fixed
points except E are unstable because there is one posi-
tive eigenvalue corresponding to each fixed point and the
system diverges in that eigendirection. The fixed point
E is a nonhyperbolic fixed point. Out of the four eigen-
values, two are zero and the remaining two are negative.
One may intuitively conclude that since the remaining
nonzero eigenvalues are negative, point E should be sta-
ble. To check whether that indeed is the case, numerical
simulations are needed. If the trajectories starting close
to point E converge back to point E as time evolves then
it is a stable fixed point.
Numerical analysis of the system suggests that the
point E can either be a stable fixed point or an unstable
fixed point depending upon the values of the parameters
Γ and τ (Figure 7(a) and (b)). Starting from the ini-
tial conditions (10) the evolution of the system is exactly
same as the 2D system. The fixed point E in Table III
can be identified with the fixed point C in Table I with
δ = λ = 0. This indicates that the φ-dependence of the
coefficients disappear as the system approaches the stable
fixed point and both α(φ), and β(φ) become constants.
The Lagrangian in this case simplifies to the more famil-
iar form of L = F (X)−V (φ) where F (X) is a quadratic
polynomial in X = φ˙2/2.
The change in signature of the deceleration parameter
q also happens around the same redshift value as ob-
tained in case 1 with zero potential (Figure 7(c)). The
dynamics only differs if parameters Γ and τ are greater
than 1.5 giving rise to diverging values of γφ and Ωφ.
By choosing the slope of the co-efficients α(φ) and β(φ)
carefully, these divergences can be avoided.
Nonzero potential (V (φ) 6= 0)
In this section, we consider the most general case with
a nonzero potential and λ, δ are treated as variables.
The system is 5-dimensional as described by the set of
equations (5). The fixed points and the corresponding
eigenvalues for the system are given in Table IV. Fixed
points F-K are the same fixed points of the 4-D pure
k-essence case listed in Table III. The scalar field en-
ergy density parameter (Ωφ) and the effective equation
of state parameter (γφ) are same for the fixed points A-E
in Table IV, (1,−σ3 ). To avoid a phantom menace, σ has
to be negative.
From Table IV, point A and B will never be a stable
fixed point since at least one of the eigenvalues is positive
in both cases. Depending upon conditions on Γ and τ
point C and D can be stable or unstable. The choice for
valid forms of α(φ) and β(φ) will be severely restricted
by these conditions. Point E on the other hand gives
a stable node without any further restriction on Γ and
τ . Hence it allows more generic forms of α(φ) and β(φ).
However, the stability of point E is still dependent on
the steepness of the potential (σ > −3). Out of the other
fixed points indicating the pure k-essence case, only point
J is a stable fixed point (non hyperbolic fixed point) for
Γ, τ < 1.5 and σ < 0.
The fixed point E is actually a nonhyperbolic fixed
point. So eigenvalue analysis cannot rightly predict the
stability of the fixed point. To check the stability, the
5 dimensional system is simulated numerically with the
initial conditions taken in a neighborhood of the fixed
point. The x, y, b values converge to the fixed point
values in Table IV, but depending upon Γ, τ and σ, either
λ or δ or both diverge (Figure 8). Since the observables
γφ and Ωφ are independent of the variables λ and δ, we do
not see any observable effect of the divergences in these
two variables on the system.
As in the 3-D system with nonzero potential, unique
solutions for initial conditions of x, y and b cannot be ob-
tained from the initial conditions (15) since we have only
two equations with three variables (x, y, and b). Instead
we have a set of initial conditions as shown in Figure 3.
Similar to the 3D case, initial conditions with x > 0 and
y > 0 evolves to point E and initial conditions with x < 0
and y > 0 advances to point J (pure k-essence). For the
fixed point E, y = 0, i.e. the non-canonical kinetic en-
ergy term in the Lagrangian becomes zero, describing
the quintessence case. This demonstrates that even if we
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FIG. 4: (a) γφ vs. Ωφ plot for σ = 0 and 2λ < δ + σ. The point I denotes the current observation. Dashed line
represents the past and solid line represents future trajectory (b) Corresponding time evolution of b, x, and y.
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FIG. 5: (a) and (b) Time series plots for trajectories evolving to point C and point B respectively. (c) q vs. N plot
for the two distinct cases shown in (a) and (b). The black dashed line shows the quintessence like fate and the blue
solid line shows the pure K-essence fate. All plots are obtained for λ = 1.0, δ = 1.0 and σ = 0.0.
TABLE III: Fixed points for the 4-dimensional system with zero potential
Point x y λ δ Ωφ γφ eigenvalues Stability
A. 0 1
3
0 0 1 4
3
{2, 1, 1, 1} Unstable
B. 0 1
3
0 − 4
4τ−5
1 4
3
{-1, 1, 8(τ−1)
4τ−5
, 4(τ−1)
4τ−5
} Unstable
C. 0 1
3
1
1−Γ
0 1 4
3
{-1, 1, 1, 2Γ−3
Γ−1
} Unstable
D. 0 1
3
− 4(τ−1)
(Γ−1)(4τ−5) −
4
4τ−5
1 4
3
{-1, 1, − 4(τ−1)
4τ−5
, 2(2Γ−3)(τ−1)
(Γ−1)(4τ−5)
} Unstable
E. −2 1 0 0 1 0 {-3, -3, 0, 0} Stable
F. 1 0 0 0 1 2 {-6, 3, 0, 0} Unstable
8TABLE IV: Fixed points for the 5-dimensional system with nonzero potential
Point x y b λ δ Eigenvalues Stability Condition
A. 0 − σ
12
4+σ
4
0 0 {−σ2 , −
σ
4
, −σ
4
, −(σ + 3), −(σ + 4)} unstable
B. 0 − σ
12
4+σ
4
σ
4(Γ−1) 0 {−
σ
4
, σ
4
, − (2Γ−3)σ
4(Γ−1)
, −(σ + 3), −(σ + 4)} unstable
C. 0 − σ
12
4+σ
4
0 σ
4τ−5
{σ
4
, − 2(τ−1)σ
(4τ−5)
, − (τ−1)σ
(4τ−5)
, −(σ + 3), −(σ + 4)}
σ > −3
1 < τ < 5/4
D. 0 − σ
12
4+σ
4
σ(τ−1)
(4τ−5)(Γ−1)
σ
4τ−5
{σ
4
, (τ−1)σ
(4τ−5)
, − (2Γ−3)(τ−1)σ
(Γ−1)(4τ−5)
, −(σ + 3), −(σ + 4)}
τ > 5/4 or τ < 1
1 < Γ < 3/2
σ > −3
E. −σ
6
0 6+σ6 0 0 {0, 0, σ, −(σ + 6), −(σ + 3)} σ > −3
F. 0 1
3
0 0 0 {2, 1, 1, 1, 4 + σ} Unstable
G. 0 1
3
0 0 − 4
4τ−5
{-1, 1, (4 + σ), 8(τ−1)
4τ−5
, 4(τ−1)
4τ−5
} Unstable
H. 0 1
3
0 1
1−Γ 0 {-1, 1, 1,
2Γ−3
Γ−1
, σ + 4} Unstable
I. 0 1
3
0 − 4(τ−1)
(Γ−1)(4τ−5) −
4
4τ−5
{-1, 1, σ + 4, − 4(τ−1)
4τ−5
, 2(2Γ−3)(τ−1)
(Γ−1)(4τ−5)
} Unstable
J. −2 1 0 0 0 {-3, -3, σ, 0, 0 } σ < 0
K. 1 0 0 0 0 {-6, 3, 0, 0, (6 + σ)} Unstable
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FIG. 6: q vs N plot for σ 6= 0. The black dashed line
shows the time evolution of the deceleration parameter
for trajectories evolving to point C (with b0 < 0) and
blue solid line indicates the same for trajectories
evolving to point B.
start with a k-essence model, the universe can end up
with a quintessence scenario in the long run. Though
there can be other fixed points, all of them imposes fur-
ther constraints on the allowed forms of the coefficients
α(φ) and β(φ). Also, trajectories starting from the initial
condition space cannot evolve to the fixed points C and
D. Point E on the other hand provides a more generic
choice of the coefficients. And it allows us consistent tra-
jectories with varying σ without encountering any singu-
larities in the near past, in contrast with the k-essence
case. We can say that the quintessence case is the most
generic choice for the ultimate fate of the universe for a
k-essence model. In the quintessence case, the final value
of λ and δ are zero, indicating the coefficients α and β
become constants near the fixed point. To check for the
shift in the signature of the deceleration parameter q,
the system is evolved with time for two different values
of the parameter σ. In both the cases the universe ends
up in an accelerated expansion phase (Figure 9). The
prediction for the redshift value is closer (z ≈ 0.6) to the
observation value for σ 6= 0.
V. DISCUSSION
An investigation of the k-essence model (with
quadratic terms in kinetic energy) from the perspective
of stability of the model has been carried out in the
present work. The discussion divided into two main
sections: (a) λ, δ treated as parameters of the system
and (b) λ, δ treated as variables. Both sections are
divided into two subsections with zero and non-zero
potential, i.e. pure k-essence and k-essence with a scalar
field dependent potential. So four broad classes have
been discussed. The investigation is quite exhaustive for
the Lagrangian allowing upto the quadratic powers of
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FIG. 7: (a) Time evolution of perturbations around fixed point E. x, y, λ, δ for Γ = τ = 1.4 (b) Time evolution of
perturbations around point E. Γ = τ = 1.6. (c) q vs N plot when the system is simulated backward and forward in
time, starting with the initial condition (10) for the two cases in (a) and (b).
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FIG. 8: (a) Time series evolution of five variables for Γ = τ = 1.0. All the variables converge to the fixed point E.
(b) For Γ = τ = 2.0 and σ 6= 0, x, y, b converges to their respective values corresponding to fixed point E. However, λ
and δ show diverging trajectories.
the kinetic energy.
From the stability analysis, one can see that depending
on the choices of the parameters, all the four classes can
lead to a stable model of the universe which settles in
an accelerated phase of expansion. The fixed points are
all tabulated in tables I to IV. We now summarize the
properties of the stable fixed points only. Fixed point
C in Table I correctly describes the kinematics of the
universe, but the trajectory may diverge in the reverse
direction. The fixed point A in Table II is well-behaved
for σ = 0 which means a constant potential, essentially a
cosmological constant. So there is hardly any advantage
of the choice of an exotic kinetic term. Fixed point B
in Table II is favorable in terms of stability and the
kinematics of the universe. But this essentially evolves
to a standard quintessence model. Point C in the same
table again leads essentially to a cosmological constant
as it works well only for σ = 0. Point E in Table III
is identical with C in table Table I, which is already
discussed. Points C and D in Table IV suffer from the
fact that the trajectories from the viable set of initial
conditions do not evolve to this fixed point. Point
J again leads effectively to a cosmological constant.
Fixed point E in table Table IV seems to be working
well in terms of stability and kinematics. It is easy
to see that this evolves to a quintessence scenario as well.
Thus, albeit the work is done for a k-essence con-
taining upto a second order in the kinetic energy, this
investigation leads to an important indication. Stability
criteria and kinematic requirements taken together, only
those k-essence models are viable which actually evolve
to a quintessence model. So the noncanonical kinetic
part is not really favored.
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